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Abstract

We present a dependently typed fixed-point function for ttemfof equivalence of NFAs and
regular languages. The fixed-point function has a depersigntreturn type and is used for simple
case analysis on words, i.e., lists of alphabetic symbalprovides an efficient and relatively easy
method for reasoning by cases about decidability of regalaguages in Cog. In particular, use
of dependent types allows to reason directly by structun@dliction without employing arithmetical
methods such as wellfounded induction.

As an illustration of method application, we sketch a praofCoq of the statement that if a
languagd is recognised by an NFM then its Kleene closuré is recognised by the Kleene closure
M* of M.

1 Introduction

In this extended abstract, it is described a practical proefhod that can be used as alternative
to wellfounded induction in certain cases where a wellf@thg@roof would be cumbersome. The
method is employed on a particular step of a proof of equi@def regular languages and languages
recognised by non-deterministic finite automaia [5]. OB #tep one is required to prove that if the
accepted languages of an automadtband theKleene closure of the automaton &dceptsv, thenw

is contained in th&leene closure of the language The Kleene closure of a language is defined in
g2 in a standard way as the reflexive transitive closure usipgweer language fixed point function.
There is a choice of definitions for the Kleene closure of anraaton, which could be a Thompson
automaton or a Glushkov automat@i [9]. It is not essentiatiwvbf those is taken because the proof
has the same shape in either case. The actual Coq proof i3 fpdi® maintained at]4].

Although the subject of formal languages is well exploitix, requirements towards a machine-
checkable proof, such as the one presented here, ofteménctinstructions not found anywhere on
paper, which eventually needs to be dealt with in a proofstesi. Popular paper proofs may omit
the transition from closure automata to closure langug@ks3ome proofs outline a wellfounded
construction by induction on the length of the given ward [Ifhe wellfounded construction is visu-
ally appealing and arises naturally as an algorithmic piooe as we illustrate below in Algorithm
. However, attempts to code this procedure in a proof asdiice technical difficulties related to
tail call handling.

To get around technicalities of the wellfounded proceditigan be reconstructed as a structural
fixed point construction, as in Algorithfd 2. The natural growthod for dealing with this construc-
tion is Coq'’s native structural inductiohl [8, 2].



Input:
e an automatom

e awordw
e a proof of typeM*w thatw is accepted by the closure automabtdh of M

Output: a non-empty woravy accepted by and a wordwvy, accepted by*
1 Wo < nil
2 W «— W
3 repeat
4 if wy = a::wj then
5 Wo «— Wo++a::nil
6 W71 «— \/\/1
7 fi
8 until M accepts wand M* accepts w
Algorithm 1: Computational behaviour of a wellfounded proofw — 1*w

The termination condition in Algorithfd 1 requires to rungtean withwg < nil andw; < wj. In
fact, this is not a proper termination condition for struatuecursion.

1 computeF nilw

2 function F (wp : word)(w; : word) : (word, word, nat) {
3 if wp =a::wj then

4 if Mwg and M*w; then

5 n < (3rd projection ofF (a:nil)w))+1
6 else

7 (Wo,Wy,n) «— F (wot+a::nil ) w)

8 fi

9

else
10 if Mwg then
11 n—1
12 else
13 anomaly
14 fi
15 fi
16 return (Wp, wi, n)
17 }

Algorithm 2 : Computational behaviour of a structural proof\dfw — [*w

The logical information has been deliberately left out tghtight the computationally relevant
steps. The logical information can be merged in as follows:

1. Instead of terminating the computation with an anomaig, can organise a specialised branch
of the computation for the case whes = nil and notM wp.

2. One should guarantee the equatime= wo++w; in order to establish language containment
I"*1w givenlwg andl™ws.

3. Notably, the languagdeis not used in the algorithm. This is due to the fact that thematation
proceeds by case analysis on decidability of the acceftyabiledicates orM and M*, for
which | is not required. In fact, languages are only logically raldv Since one has the
inductive hypothesis about the equivalence betwesrtd the language acceptediMy one can



logically derivel (™ (wp::wy) from the proof thatvg is accepted byl andw; is accepted by
n iterations of\M.

2 Language definitions

Some basic language definitions are given below. Note tlealyfie of languages is computationally
relevant while being &rop-valued predicate. This allows to get the best of both coatjmrial and
logical worlds.

Definition word (A:Type) := list A.

Definition language (A:Type) : Type := (word A) -> Prop.

Definition language_eq (A:Type) (11 12:language A) : Prop :=
forall (w:word A), 11 w <-> 12 w.

Next, we define the Kleene closure of a language (with inpdicguments omitted):

Variable (Symbol:Type) .
Definition unit_language : language Symbol := fun (wO:word Symbol) => w0 = nil.
Inductive language_cat : (language Symbol) -> (language Symbol) -> (language Symbol) :=
| Language_cat : forall (11 12:language Symbol) (wl w2:word Symbol),
11 wl -> 12 w2 -> language_cat 11 12 (wl++w2).
Fixpoint language_power (1:language Symbol) (n:nat) : (language Symbol) :=
match n with
| 0 => unit_language
| S p => language_cat 1 (language_power 1 p)
end.
Inductive language_closure : (language Symbol) -> (language Symbol) :=
| Language_closure : forall (l:language Symbol) (n:nat) (w:word Symbol),
language_power 1 n w —-> language_closure 1 w.

3 Automaton definitions

Inductive nf_automaton : Prop :=
Nf_automaton :
In init_state states ->
subset acc_states states ->
subset transition (list_prod (list_prod states symbols) states) ->
nf_automaton.
Inductive nf_path : State -> State -> language Symbol :=
| Nf_path_refl : forall s, In s states -> nf_path s s nil
| Nf_path_trans : forall sl s2 w, nf_path sl s2 w ->
forall a, In a symbols ->
forall s, In s states —>
In (s, a, sl1) transition ->
nf_path s s2 (cons a w).
Inductive nf_accepts : language Symbol :=
Nf_accepts : forall w acc, In acc acc_states -> nf_path init_state acc w —>
nf_accepts w.
Inductive nf_regular_language : language Symbol -> Type :=



Nf_regular_language : forall 1, nf_automaton ->
language_eq 1 nf_accepts -> nf_regular_language 1.

4 The fixed point function

We accept Thompson automata with empty transitions (letdellith empty_symbol) as implemen-
tations of closure automata. This means that we use an iaitifiitial stateinit_closure con-
nected to the given automaton by means of a transitiorit_closure, empty_symbol, init)
and a set of transitions from the set of accepting stateseofjyen automaton ténit_closure
labelled withempty_symbol.

Now we can specify a fixed-point function that implementsakithm[2 while merging in logi-
cally relevant information, as in points 1-3§fl. See([#] for the full implementation including the
function body which does not fit in here.

Fixpoint nf_accepts_rec
w0 wl symbols states (init init_closure:State)
(acc:1list State) (tr tr_loop:list (StatexSymbol*State)) (1l:language Symbol)
(Hinit:In init states) (Hacc:subset acc states)
(Hinit_closure: “In init_closure states)
(Htr:subset tr (list_prod (list_prod states symbols) states))
(Hloop:set_eq tr_loop
(1ist_prod (list_prod acc (empty_symbol :: nil)) (init_closure :: nil)))
(Hl:language_eq (A:=Symbol) 1 (nf_accepts symbols states init acc tr))
{whd : word Symbol &
{wtl : word Symbol &
{n : nat &
1 whd /\
language_power 1 n wtl /\
whd++wtl=wO++wl}}} +
{w : word Symbol &
“nf_accepts symbols (init_closure :: states) init_closure
(init_closure :: nil)
((init_closure, empty_symbol, init) :: tr ++ tr_loop) w /\
w=wO++wl} := ...

To implement the case analysis in this function one needsidatglity principle for automata,
that is a constructive disjunctiorw, (Mw) 4+ (=Mw). It is defined in Coq as follows:

Lemma nf_accepts_dec : forall w symbols states
(init:State) (acc:list State) (tr:list (State*Symbolx*State)),
In init states ->
subset acc states —>
subset tr (list_prod (list_prod states symbols) states) ->
{nf_accepts symbols states init acc tr w} +
{"nf_accepts symbols states init acc tr w}.

and the corresponding principle for closure automata, withodified context, is defined as fol-
lows:



Lemma nf_accepts_closure_dec : forall w symbols states
(init init_closure:State) (acc:list State) (tr tr_loop:list (State*Symbol*State)),
In init states ->
subset acc states —>
“In init_closure states ->
subset tr (list_prod (list_prod states symbols) states) ->
set_eq tr_loop
(1ist_prod (list_prod acc (empty_symbol :: nil)) (init_closure :: nil)) ->

{nf_accepts symbols (init_closure :: states) init_closure (init_closure::nil)
((init_closure, empty_symbol, init) :: tr ++ tr_loop)
w} o+

{"nf_accepts symbols (init_closure :: states) init_closure (init_closure::nil)
((init_closure, empty_symbol, init) :: tr ++ tr_loop)
W}.

5 Proof by case analysis

The goal has the following premises (leaving out impliciesh

Hinit_closure : ~ In init_closure states
Hloop : set_eq tr_loop

(1ist_prod (list_prod acc (empty_symbol :: nil))

(init_closure :: nil))

Hrlang : language_eq (A:=Symbol) 1 (nf_accepts symbols states init acc tr)
Hinit : In init states
Hacc : subset acc states
Htr : subset tr (list_prod (list_prod states symbols) states)
w : word Symbol

Hacc_w : nf_accepts symbols (init_closure :: states) init_closure
(init_closure :: nil)
((init_closure, empty_symbol, init) :: tr ++ tr_loop) w

Thegoal formula that we are going to prove Isanguage_closure (A:=Symbol) 1 w.
For the proof, analyse cases of the fixed point computatiatf Oiccepts_rec:

case (nf_accepts_rec nil w Hinit Hacc Hinit_closure Htr Hloop Hrlang).
The first case is given by the constructive existence premise

{whd : word Symbol &

{wtl : word Symbol &

{n : nat &

1 whd /\ language_power (A:=Symbol) 1 n wtl /\ whd ++ wtl = nil ++ w}l}}

which is deconstructed as follows:
intros [wO [wl [n [HwO [Hwl Hw_eq]l]1].
and respective constructors and assumptions are applied:

apply Language_closure with (n:=S n).
simpl in Hw_eq; rewrite <- Hw_eq.
apply Language_cat; assumption.



which completes the first case. The second case leads t@dimtion with the hypothesiBacc_w,
which can be viewed as the logical analogue of the computatimmaly in AlgorithniR:

intros [wO [Hnotacc Hw_eql].
simpl in Hw_eq; rewrite Hw_eq in Hnotacc; contradiction.

which completes the second case. Since we deconstructetilaota fixed point computation, in
fact, no inductive hypothesis is needed.

6 Conclusions and further directions

In §4 we specified a fixed point function with a dependent sum tigpewe used to prove a technical
step in§H required for the proof that Kleene closure languages ayglag for which the complete
proof is maintained at]4]. The use of the dependent retyra guarantees transparency of the proof.
The fact that the result is computed in a fixed point makes plsiwase analysis sufficient for the
proof, which contrasts with wellfounded proofs where a hiipsis with a premise of the kind “for
all natural numberm such thatn < nit holds thatP nT" is required to prove n (along with the whole
library of arithmetic).

The presented work has some applications in program sp®ficand program extractionl [5].
We are especially interested in constructing partial étikie NFAs [1] and extending this work from
regular languages to regular languages with additionalifea such as backreferences [3].
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