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Abstract

Working with the proof assistant Coq, we present a proof afstmictive existence of a non-
deterministic finite automaton (NFA) for any given regulapeession. In programming terms, the
constructive proof extracted to a functional programmiggluage yields a compiler of regular ex-
pressions to NFAs. Our goal is to build a proof library for soactive reasoning and programming
with practical regular expressions (POSIX, Perl, etc.).

1 Introduction

In this paper we present a part of our formal proof effolrt [8lieh is aimed at creating a convenient
environment for programming correct-by-constructionoaitpms for practical regular expressions
adopted by operating systems and programming languagedle Were exist many such standar-
tisations (POSIX, Perl, Emacs, Java, etc.), we adopt a ingifgpproach and treat mathematical
invariants of regular expressions rather than side withpamticular specification. The present paper
concerns the very basic regular expressions with no additimperators such as shuffle or backrefer-
ences.

There seem to be several related developments availalEg [Still, we found it more appropriate
to initiate our own because our aim requires certain feat(ier example, partial derivatives of
regular expression$i[1]) that have not been mechanised gty system. Moreover, we have not
been able to find a working library of non-deterministic n#tutomata in the present version of the
proof assistant Co@[6] which is at the moment our preferystiesn. We employ dependent types up
to a considerable extent. This especially concerns thedf/pegular expressions.

2 Methodology

To build the model of a recursive program we employ definggiand proofs by structural induction.
In Coq, one defines structural inductive types using the camtiinductive that has the following
syntax:

Inductiveid:A = c1:T|---|cy: Ty

This definedd to be the smallest type i closed under the constructars ..., C,.
Example 1. The type of natural numbers is defined as follows:

Inductive nat : Set :=
| 0 : nat
| S : nat -> nat.



We make a systematic use of the proof principlérafuctive inversion(see [7] for a detailed
account of its implementation) that applies to proofs ofuictive terms and allows case-based rea-
soning.

Example 2. In this simple example we derive thversion statemergSnm below by applying the
inversion proof principle to the hypothesisn <= S (S m) and performing case analysis using the
additional hypotheses generated by this application.

Inductive le (n : nat) : nat -> Prop :=
| len : n<=n
| le_.S : forallm : nat, n <=m -> n <= S m.

Lemma SSnm : forall n m,
Sn<=8(Sm) ->n <=8 m.

intros n m H.

inversion H.

The goal here splits in two. The first subgoadisn <= S m with an additional assumptian = S m.
This subgoal is trivially proved by a constructorlaf.

constructor.

The last subgoal ia <= S m with additional assumptionS n <= S m, mO:nat andm0 = S m.
This subgoal is proved by transitivity @k, constructors ofe, and the assumptiah n <= S m.

apply le_trans with (S n).
repeat constructor.
assumption.

Qed.

We also make use of the sectioning discipline in Coqg. Thate®wmanise definitions and proofs
in sections, each with a separate set of variables and hggedh This allows us to group proofs with
respect to their formal domain. In fact, Secti@hEl3—6, whiehmerely transcripts of the formal proof
code, have separate environments. Moreover, within thegeoements we use an ordering of vari-
ables and hypotheses, which allows to saturate the sectumoement in a sequential way. Therefore
those theorems that appear towards the end of a section weuktally have larger environments
comparing to those appearing at the beginning.

We represent finite sets by plain lists. Although we sometimve use the notation with braces
to denote sets, this is merely made for typographic reasathermrthan to abstract from the imple-
mentation of sets. Lists are a sufficient setting for the l@gexpression theorem and no special
set-theoretic library is required. Set theoretic operetion lists are defined using the membership
relation. Therefore neither multiplicities of elementsaitist nor duplications concern us.

3 Languages

Until the end of this section, assume we are given an arbitygre A which represents the universe
of symbols. Aword overA is defined to be a list of typA. In effect, the type of words is essentially
the type of polymorphic lists. We will omit the implicit pargeterA when we talk about words in
this section.

A languageoverA s a proposition-valued function from words. Similarly tosds, we will omit
A when talking about languages. We say that a langliagatainsa wordw if | w holds. Any two



languaged; andl, are said to bequivalent denoted; ~ I,, if they contain the same words. It is
easy to see that, since word containment is undecidablguae equivalence is also undecidable.

Elementary languages are defined as follows. d@imgty languageplis the function that is con-
stantly false. Aone-word languagey, is a function from words to languages mapping a wegdo
the equalitywp = w, for w a constant word. Thenit language {;, is the one-word language fail.

A one-symbol languageyt:n, is a one-word language farA.

Given a languagéand a wordw, theleft quotientof | with respect taw, denotedw\|, is defined
inductively as the least language containing every wosdich thatl (w++u) holds. Symmetrically,
given a languagé and a wordu, the right quotientof | with respect tou is the least language
containing every worav such that (w++u) holds.

Lemma 1. W\l{w} ~ I{nil}-
Proof. By inductive inversion on the premise of each conjunct oflimguage equivalence. O

Operations on languages are defined by induction as follolse union of two languages:
andl,, denotedl; + o, is the least language containing every warduch thatl; w or I, w. The
concatenatiorof two language$; andl,, denoteds - I, is the least language containing all words of
the formw;++w, such thal; wy andl, we. For a languagé and a natural numbaer, then-th power
of I, denoted", is defined recursively as follows:

n_ {if n = 0 thenl

else ifn=S pthenl -IP
TheKleene closuref a languagd, denoted *, is defined as the least language containingntie
power ofl for anyn.

Union, concatenation and Kleene closure are a sufficietingdbr the regular expression theo-
rem. For a better expressivity we may also consider theviatig operators. Thetersectionof two
languages; andl,, denoted; Ny, is the least language containing every warduch that both; w
andl, w hold. Thecomplemenbf a languagé, denotedl, is the greatest language containing every
wordw such that w does not hold.

A regular expressionover a finite list of typeA, denoting a language is a function from lists of
A to languages to types that is defined by induction as folldves.any listX of A, thezero regular
expressiorover X denotedp. For anyX, theunit regular expressiomver X denoted . For any
X andaA, if a € X, the one-symbol regular expressiaf a denoted ;). For anyX and two
languaged; andl,, given a regular expression ov&rdenotingl; and a regular expression ovEr
denotingl,, theunion regular expressionver X denoted; + |». For anyX and two languagels and
I, given a regular expression ovErdenotingl, and a regular expression ov&rdenotingl,, the
concatenation regular expressiaver X denoteds - I,. For anyX andl, given a regular expression
overX denotingl, theKleene closure regular expressioner X denoted*. Nothing else is a regular
expression.

Note that the type of regular expressions depends on thdatblamguage and therefore follows
the definition in [13], in contrast with the traditional defian [11,[12] that makes no implicit con-
nection with underlying languages. For comparison, thigeddency allows to embed the language
meaning in a regular expression in a type-theoretic stalihér than to introduce a separate matching
semantics later on) and to inspect this meaning using ingucbnstructors of the type of regular
expressions. A similar dependent implementation is foumf@]. The type of languages is found
across a number of proof assistants, among these is Nuiprl [5]



4 Non-deterministic finite automata

Until the end of this section, assume we are given a ypebolof symbols and a finite listz of
elements of typ&ymbolthat will represent thalphabet Assume also a typStateof states a finite
list Q of states, amnitial state q, a finite listF of final statesand atransition relationd which is a
finite list of triples of typeStatex Symbol State

A non-deterministic finite automatqiNFA) is an inductively defined proposition with the fol-
lowing premisesg € Q, F C Q, d C 2 x Q x X. Therefore, to say thd&,Q,q,,F,d) is an NFA, is
equivalent to saying that the NFA proposition holds for éhfrge.

A path from a state to a state of an NFA is a language of tggenboldefined inductively as
follows. For allq € Q, thereflexivity pathfrom q to q is the smallest language containiniyj, that is
I nity- For allgs, gz andw such that there is a path froga to gz containingw, for alla€ Z andg € Q
such that(g,a,q1) € 9, thetransitivity pathfrom sto g, is the smallest language containiagw.
Nothing else is a path. Assuming transitiahiswe will write o — o, to mean thatv is contained in
the path frong; to g, defined ove®d.

Theaccepted language of an NE&an inductively defined language 8mbolparametrised by
the premises, for alivandgg, gr € F andq, A OF.

Finally, the inductive type ofegular languageds parametrised by a language $ymbal In
other words, it is an inductive informative predicate of @rgument (in the present environment)
whose type is a language 8fymbol It is defined by a single inductive clause that, forlalif the
NFA proposition holds fo&, Q,q;,F andd, and ifl ~ Iy holds for the languagk) accepted by the
automaton then is a regular language. In a given environment containing lphabet, a list of
states, an initial state, a list of final states and a listafiditions, saying thdtis a regular language
is equivalent by definition to saying that the informativgular language predicate holds for

5 NFA constructions

By analogy with Sectiofil4, assume until the end of this sediypesSymboland Stateof symbols
and states, respectively.

Lemma 2. For any finite listZ of Symbol, and states gnd ¢= such that g+ gg, the regular language
predicate holds fo&, Q= {qi,ar}, a, F = {gr }, d = 0 and the empty language of Symbol.

Proof. It is required to prove the premises of the informative ragldnguage predicate. The NFA
proposition holds trivially. For any word of Symbo] the “if” direction of the language equiva-
lence is proved by contradiction, and the “only if” directi®s proved by inductive inversion on the
antecedent of the implication — that is the inductively defirstatement that is contained in the
language accepted by the automaton, — which derives assmsipf:State H : g € {gr} and
Ho:q 2 gr. The proof is essentially concluded by inductive inversiorthe assumptiod —. [

Lemma 3. For any finite listz of Symbol, and a statg ahe regular language predicate holds by
Q={a}, a,F={q}, d =0and the unit language of Symbol.

Proof. The proof is a slight modification of the proof of Lemida 2. Thigedence is that, for any,
the “if” direction of the language equivalence is (more galig) proved by inductive inversion on
the antecedent of the implication, namély, w. O

There is a great deal of similarity on the structural leveingen the proof of Lemmid 3 and the
more involved proofs below in this section.



Lemma 4. For any finite list>Z of Symbol, states,@nd g, and a symbol a satisfying ¢ gr and
ac 2, the regular language predicate holds ByQ= {q;,0r }, a, F ={ar}, 6 = {(qi,a,9r)} and
the one-symbol language of a (of type Symbol

Proof. The proof follows the guidelines of the proof of Lemifida 3. Wipeaving the “if” direction

of the language equivalence for awyit is required to prove that:nil is a transitivity path oved.

In the proof of the “only if” direction, for anyv, application of inductive inversion to the antecedent
generates assumptions:State HE : g- € {gr} andH~ : g — ¢f-. The proof then proceeds by a
sequential application of inductive inversiondo” andH €. O

Assume for the rest of this section teenpty symbot of type Symbolsatisfying the following
conditions:

foranyz, e€e€Z Q)
foranyw, e&:w=w (2)

Lemma 5. Assume arbitrary finite list of Symbol, finite lists of states;@nd Q, states ¢, ¢? and
a,, finite lists of states fand F,, transition relationsd; and &, and languages;land b satisfying
-(Q1NQ2), a ¢ Q1, g ¢ Qz, and such thatlis a regular language ofZ,Qs,q',F1,8) and b is a
regular language ofZ, Qz,0?,F2, &). Then { Ul is a regular language ofZ, {q } UQ1UQy, ¢, F1U
Fo. {(a,&,0), (a1, 8,07) } UdLU &).

Proof. Follows the shape of the proof of Lemiida 4. The crucial casbysisan the proof of the NFA
proposition is done by inductive inversion on the deriveddihesis

Hi:te {{(q|,E,Chl),(th,Chz)}UélUdZ}

The “if” direction of the language equivalence is proved bpgerties of lists and an injectivity
property of paths which is again derived from elementaryperties of lists. The “only if” direction
is proved using the fact that paths startingdn(respectivelyQ,) can be restricted to the automaton
(Z,Q1,0,F1, &) (respectively(Z, Q2,02 F2, &)). O

The proof of Lemma&l6 below requires the following decidapiissumption:
for anyain Symbo] eithera= € ora+ ¢ is provable 3
This still does not requir€ymbolo be decidable.

Lemma 6. Assume arbitrary finite lisE of Symbol, finite lists of states;@nd Q, states ¢ and
q|2, finite lists of states #and F, transition relationsd,, o~ and d,, and languages:land b, satis-
fying =(Q1 N Qz), and such that, for allgs,a,0z) € -, it holds that g € F;, a= € and ¢ = ¢;
moreover, it holds thaylis a regular language of%,Qs,q',F1,8) and b is a regular language of
(Z,Q2,0%,F2,%). Then | -1, is a regular language of=,Q; UQy,q,F2, U U dp).

Proof. Follows the shape of the proof of Lemiida 4. O

Lemma 7. Assume arbitrary finite list of Symbol, a finite list of states Q, statesqd ¢, a finite list
of states F, transition relationd and d,., and a language | satisfying ¢t Q, and such that, for all
(m,a,02) € 0+, itholds that q € F, a= € and @ = ¢}; moreover, it holds that | is a regular language
of (£,Q,q,F,d). Then I is a regular language ofZ, {q; } UQ,q/,{q/},{(q/,&,a)}UdUS~).

Proof. Follows the shape of the proof of Lemiida 4. O



In the following section we will employ a fixpoint functiomks that creates transitions from a
given list of states to a given state and labels each of thassitions with a given symbol. This
function is defined as follows:

fix mks (Q: list State (q: Statg (a: Symbo) :=
match Q with  nil= nil | 9o::Qo = (qo,a,q) :: mks Qo qa (4)

a
The list of transitions resulting from application wiks to Q, s anda will be denoted af) = q.

6 From regular expressions to NFAs

Assume a typ&ymboland a finite lis of Symbol Assume the empty symbol 8ymbolsatisfying
@m-@).

We introduce a few helper functions to work with sequencesatdiral numbers that occur in the
proof of the theorem.

Thelift function that increments every element of a given sequence of natunabers by a given
natural number is defined as follows:

A n:nat. map(A sinat. s+n) (5)

We will use the notatiorQ 1" to denote the sequence that is the result of lifting the sezp® by
the numben.

To account for lists of transitions, we should extend thevatmtefinition of the lift function in the
following way. Thelift function on transitionghat increments both source and destination of each
transition in a given list of transitions by a given numbes kize following definition:

And.map(At.let(qi,a,0) =tin (g1 +n,a0+n))d (6)

We will use the notatiod 1" to denote the list that is the result of lifting the list ofrisitionsd by
the numben.

Theorem 8. For any language | of Symbol and a regular expression &alenoting |, one can
construct a finite sequence Q of natural numbers, or states) 0 to|Q| — 1, a state g, a finite list
of states F and a transition relatiod of type natx Symbolx nat such that | is a regular language of

(27 Q7 C]I ) F7 5)

Proof. By induction onr. There are three basic cases:

If r is the zero regular expression, ta®@e= 0::1:nil, g =0, F = {1} andd = 0, and apply
Lemmd2.

If r is the unit regular expression, take= 0::nil, g = 0, F = {0} andd = 0, and apply Lemma
B.

For anya € Z, if r is the one-symbol regular expressionathen takeQ = 0::1:nil, g = 0,
F={1} andd = {(0,a,1)}, and apply LemmE&l4.

There are three cases to consider on the inductive step:

If r is the union of some regular expressioasandr, then, by inductive hypothesis; denotes
a regular languagh of an NFA (£,Qy,ql,F1,81) andr, denotes a regular languagieof an NFA
(%,Q2,0%,F2,8). Then takeQ = 0:Qq 11 ++Qa 111, g =0, F = Fy 1T UR, 112+t and 5 =
{(0,&,q" +1),(0,,0+|Q1| + 1)} U 1T U, 1141+ and apply Lemmal5.

If r is the concatenation of some regular expressigrandr, then, by inductive hypothesis;
denotes a regular languagieof an NFA (2,Q1,q',F1,81) andr, denotes a regular languageof
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an NFA (Z,Q2,02,F2,%). Then takeQ = Q1 ++Q, 11l gy =g, F = R, 1%l andd = & U (Fy =
(% +1Qu))) U 112, and apply Lemmls.

If r is the Kleene closure of some regular expressipthen, by inductive hypothesig; denotes
a regular languagk of an NFA (Z,Qo,q”,Fo,d). Then takeQ = 0::Qp 1%, g =0, F = {0} and

{(0,,q +1)}udp T U(F Tlé 0), and apply LemmAl7. O

7 Extraction of a functional program

The type of the main theorem in Coq is the following:

regexp_nf_automaton :
forall (Symbol:Type)
(symbols:1list Symbol)
(empty_symbol:Symbol),
(forall symbolsO:list Symbol,
In empty_symbol symbolsO) ->
(forall w:list Symbol,
empty_symbol::w = w) ->
(forall a b:Symbol, {a = b} + {a <> b}) —->
forall 1l:language Symbol,
regexp symbols 1 ->
{states : list State &
states = seq 0 (length states) &
{init_state : State &
{acc_states : list State &
{transition : list (State * Symbol * State) &
nf_regular_language symbols states init_state
acc_states transition 1}}}}

To extract it to Caml, we use the standard Coq comniidraction. The type of the ex-
tracted Caml program is more succinct because the extnactechanism discarded non-informative
parameters:

regexp_nf_automaton :
’a list -> ’a => (’a -> ’a -> bool) -> ’a regexp ->
(nat list, Obj.t,
nat * (nat list *
(((nat * ’a) * nat) list *
(’a, nat) nf_regular_language))) sigT2

Thus there are only four parameters left now: the list of sgisibthe empty symbol, the decider
function for the type of symbols, and a regular expressioamatrised by the type of symbols. The
result is the automaton constructed in the proof of Theddem 8

Example 3. Take the regular expressi®i (ex)ne. We will apply the extracted function in Caml
toplevel to obtain an automaton accepting the languagete@nuy this regular expression. The
decider function for the typehar is defined as follows:

# type char_dec = char -> char -> bool;;

# let char_dec =



fun c1 c2 >
if ¢l = c2 then true else false;;

We define the set of symbols and encode the regular expressidrihen apply the main function to
these arguments takingas the empty character.

# let symbols = [’K’; ’1’; ’e’; ’n’];;

# let r = Regexp_cat (symbols,
(Regexp_cat (symbols,
(Regexp_cat (symbols, (Regexp_sym (symbols, ’K’)),
(Regexp_sym (symbols, ’1°)))),
(Regexp_closure (symbols,
(Regexp_sym (symbols, ’e’)))))),
(Regexp_cat (symbols, (Regexp_sym (symbols, ’n’)),
(Regexp_sym (symbols, ’e’)))));;

# regexp_nf_automaton symbols ’_’ char_dec r;;

The resulting automaton has states 0 through 10, with O libgnitial state and 10 being the only
final state. The list of transitions is the following:

(o, ’k’, 15 @, ’_’, 2); (2, ’1’, 3); (3, ’_7, 4);
(4’ ’—” 5); (5’ ’e” 6); (6’ )—)’ 4); (4’ )—)’ 7);
(7, ’n’, 8); (8, ’_7, 9); (9, ’e’, 10)]

An example of a string that is accepted by this automatéinis _e__e__n_e which, by the property
@), is equivalent t&1eene.

The obvious downside of the present method is that in the pleaabove more than a half of
transitions are the idle ones. The method uses the emptydyasba proof convenience which is
however responsible for production of computationally bensome automata.

8 Further directions

We are developing an alternative library that does not makeofithe sometimes problematic empty
symbol and the associated axioms. We found it possible tptdada proofs presented in this paper
to the kind of automata constructions known as Glushkovraata [10] (also discussed in]13]).
Glushkov automata merge transitions instead of introduciew intermediate states connected by
idle transitions. However, our proofs with the empty symbeém to be a little bit less involved
when arithmetic is concerned. So, in this respect they nightegarded as a step towards the proofs
without the empty symbol.

Another direction of development is marked by the semingkepal] that introduced a concept
of a partial derivative of a regular expression (see alsp [Bhis is the most interesting direction of
research if dependent type theory is concerned. In thisrpapaise the dependent type of regular
expressions. If we use structures such as left quotientbeges from Sectidd 3, as we do all the time
with partial derivatives, we arrive at a considerably higlevel of type dependency. In Sectibh 3,
we already mentioned that there are basically two defirstimihregular expressions: the dependent
and the non-dependent ones. The papkr [1] uses the nondigpeatefinition because structural
induction and termination was not a concern there. Fromyibe theoretic point of view the lack of
a dependently typed definition means there is more reseaind done about the languages denoted
by partial derivatives.



We also work on extensions of our library encompassing jmactegular expressionsli[2] 3],
that is regular expressions with additional operators saaschackreferences that are standartised in
operating system command shells and programming languages
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A The extracted auxiliary function definitions

type __ = 0bj.t
let __ = let rec £ _ = Obj.repr £ in Obj.repr £

type nat = 0 | S of nat
type (’a, ’p, ’q) sigT2 = ExistT2 of ’a * ’p * ’q

let rec plus nm =
match n with


http://hal.inria.fr/inria-00176043/en/
http://coq.inria.fr/
http://similare.org/regexp-nfa.tgz

| 0O ->m
| Sp ->8S (plus p m)

let rec length = function
I 1 >0
| a :: m -> S (length m)

let rec app 1 m =
match 1 with
' 1 >m
| a :: 11 -> a :: (app 11 m)

let rec map f = function

I 00 -> 1
| a::t > (fa):: (map £ t)

let lift n 1 = map (fun s -> plus s n) 1

type ’a regexp =
| Regexp_empty of ’a list
| Regexp_unit of ’a list
| Regexp_sym of ’a list * ’a
| Regexp_union of ’a list * ’a regexp * ’a regexp
| Regexp_cat of ’a list * ’a regexp * ’a regexp
| Regexp_closure of ’a list * ’a regexp

type (’symbol, ’state) nf_regular_language = Nf_regular_language

let regexp_nf_automaton_union empty_symbol symbols statesl states2 initl init2
init_union accl acc2 trl tr2 hll hl2 =
let Nf_regular_language = hll in
let Nf_regular_language = hl2 in Nf_regular_language

let regexp_nf_automaton_cat empty_symbol empty_symbol_dec symbols statesl
states2 initl init2 accl acc2 trl tr_junction tr2 hll hl2 =
let Nf_regular_language = hll in
let Nf_regular_language = hl2 in Nf_regular_language

type state = nat

let lift_transitions n transitions =
map (fun t ->
let y , s2 =t in let s1 , a =y in ((plus sl n) , a) , (plus s2 n))
transitions

let rec lift_automaton n symbolsO states init acc tr hl =
match n with
| 0 -> hl
| S n0 -> let Nf_regular_language = hl in Nf_regular_language
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let

rec mk_transitions from_states to_state sym =

match from_states with

B

let

00 -> 1

| s :: ss -> ((s , sym) , to_state) :: (mk_transitions ss to_state sym)

The extracted main function

rec regexp_nf_automaton symbols empty_symbol symbol_dec = function
Regexp_empty x —-> ExistT2 ((0 :: ((S 0) :: [1)), __, (0, (((S0O) :: [1)
, ([1 , Nf_regular_language))))

Regexp_unit x -> ExistT2 ((0 :: [1), __, (0, (O :: [1) , (OO ,
Nf_regular_language))))
Regexp_sym (x, a) -> ExistT2 ((0 :: ((S0) :: [1)), __, (0, (((8 D

1), (((0, a, (S0)) :: [1) , Nf_regular_language))))
Regexp_union (x, r0, r1) ->
let ExistT2 (statesl, _, s) =
regexp_nf_automaton x empty_symbol symbol_dec r0
in let initl , sO = s in let accl , s1 = sO in let trl , hll = s1 in
let ExistT2 (states2, _, s2) =
regexp_nf_automaton x empty_symbol symbol_dec ril
in let init2 , s3 = s2 in let acc2 , s4 = s3 in let tr2 , hl2 = s4 in
ExistT2 ((0 ::
(app (Lift (S 0) statesl) (1lift (plus (length statesl) (S 0)) states2))),
-, (O,
((app (1ift (8 0) accl) (lift (plus (length statesl) (S 0)) acc2)) ,
((((0 , empty_symbol) , (plus initl (S 0))) :: (((0 , empty_symbol) ,
(plus init2 (plus (length statesl) (S 0))))
(app (lift_transitions (S 0) tril)
(1ift_transitions (plus (length states1l) (S 0)) tr2)))) ,
(regexp_nf_automaton_union empty_symbol x (lift (S 0) statesl)
(1ift (plus (length statesl) (S 0)) states2)
(plus initl (S 0)) (plus init2 (plus (length statesl) (S 0))) O
(1ift (S 0) accl) (1ift (plus (length statesl) (S 0)) acc2)
(1ift_transitions (S 0) trl)
(1ift_transitions (plus (length statesl) (S 0)) tr2)
(1ift_automaton (S 0) x statesl initl accl tril hl1)
(1ift_automaton (plus (length statesl) (S 0)) x states2 init2 acc2
tr2 h12))))))

| Regexp_cat (x, r0, r1) ->

let ExistT2 (statesl, _, s) =
regexp_nf_automaton x empty_symbol symbol_dec r0
in let initl , sO = s in let accl , s1 = sO in let trl , hll = s1 in
let ExistT2 (states2, _, s2) =
regexp_nf_automaton x empty_symbol symbol_dec rl
in let init2 , s3 = s2 in let acc2 , s4 = s3 in let tr2 , hl2 = s4 in

ExistT2 ((app statesl (lift (length statesl) states2)), __, (initl ,
((1ift (length statesl) acc2) ,
((app tril
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(app
(mk_transitions accl (plus init2 (length statesl)) empty_symbol)
(1ift_transitions (length statesl) tr2))) ,
(regexp_nf_automaton_cat empty_symbol (fun x0 -> symbol_dec x0 empty_symbol)
x statesl (1lift (length statesl) states2) initl
(plus init2 (length statesl)) accl (lift (length statesl) acc2) tril
(mk_transitions accl (plus init2 (length statesl)) empty_symbol)
(1ift_transitions (length statesl) tr2) hlil
(1ift_automaton (length statesl) x states2 init2 acc2 tr2 hl2))))))
| Regexp_closure (x, r0) ->
let ExistT2 (states, _, s) =
regexp_nf_automaton x empty_symbol symbol_dec r0O
in let init , sO = s in let acc , sl = sO in let tr , hl = sl in
ExistT2 ((0 :: (lift (S 0) states)), __, (0 , ((O :: [1) , (CCCO ,
empty_symbol) , (plus init (S 0)))
(app (Lift_transitions (S 0) tr)
(mk_transitions (lift (S 0) acc) 0 empty_symbol))) ,
(let Nf_regular_language = lift_automaton (S 0) x states init acc tr hl
in
Nf_regular_language)))))
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