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Abstract

Working with the proof assistant Coq, we present a proof of constructive existence of a non-
deterministic finite automaton (NFA) for any given regular expression. In programming terms, the
constructive proof extracted to a functional programming language yields a compiler of regular ex-
pressions to NFAs. Our goal is to build a proof library for constructive reasoning and programming
with practical regular expressions (POSIX, Perl, etc.).

1 Introduction

In this paper we present a part of our formal proof effort [8] which is aimed at creating a convenient
environment for programming correct-by-construction algorithms for practical regular expressions
adopted by operating systems and programming languages. While there exist many such standar-
tisations (POSIX, Perl, Emacs, Java, etc.), we adopt a unifying approach and treat mathematical
invariants of regular expressions rather than side with anyparticular specification. The present paper
concerns the very basic regular expressions with no additional operators such as shuffle or backrefer-
ences.

There seem to be several related developments available [9,5]. Still, we found it more appropriate
to initiate our own because our aim requires certain features (for example, partial derivatives of
regular expressions [1]) that have not been mechanised yet in any system. Moreover, we have not
been able to find a working library of non-deterministic finite automata in the present version of the
proof assistant Coq [6] which is at the moment our preferred system. We employ dependent types up
to a considerable extent. This especially concerns the typeof regular expressions.

2 Methodology

To build the model of a recursive program we employ definitions and proofs by structural induction.
In Coq, one defines structural inductive types using the commandInductive that has the following
syntax:

Inductive id : A := c1 : T | · · · | cn : Tn

This definesid to be the smallest type inA closed under the constructorsc1, . . . ,cn.

Example 1. The type of natural numbers is defined as follows:

Inductive nat : Set :=

| O : nat

| S : nat -> nat.
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We make a systematic use of the proof principle ofinductive inversion(see [7] for a detailed
account of its implementation) that applies to proofs of inductive terms and allows case-based rea-
soning.

Example 2. In this simple example we derive theinversion statementSSnm below by applying the
inversion proof principle to the hypothesisS n <= S (S m) and performing case analysis using the
additional hypotheses generated by this application.

Inductive le (n : nat) : nat -> Prop :=

| le_n : n <= n

| le_S : forall m : nat, n <= m -> n <= S m.

Lemma SSnm : forall n m,

S n <= S (S m) -> n <= S m.

intros n m H.

inversion H.

The goal here splits in two. The first subgoal isS m <= S m with an additional assumptionn = S m.
This subgoal is trivially proved by a constructor ofle.

constructor.

The last subgoal isn <= S m with additional assumptionsS n <= S m, m0:nat andm0 = S m.
This subgoal is proved by transitivity ofle, constructors ofle, and the assumptionS n <= S m.

apply le_trans with (S n).

repeat constructor.

assumption.

Qed.

We also make use of the sectioning discipline in Coq. That is we organise definitions and proofs
in sections, each with a separate set of variables and hypotheses. This allows us to group proofs with
respect to their formal domain. In fact, Sections 3–6, whichare merely transcripts of the formal proof
code, have separate environments. Moreover, within these environments we use an ordering of vari-
ables and hypotheses, which allows to saturate the section environment in a sequential way. Therefore
those theorems that appear towards the end of a section wouldgenerally have larger environments
comparing to those appearing at the beginning.

We represent finite sets by plain lists. Although we sometimes we use the notation with braces
to denote sets, this is merely made for typographic reasons rather than to abstract from the imple-
mentation of sets. Lists are a sufficient setting for the regular expression theorem and no special
set-theoretic library is required. Set theoretic operations on lists are defined using the membership
relation. Therefore neither multiplicities of elements ina list nor duplications concern us.

3 Languages

Until the end of this section, assume we are given an arbitrary typeA which represents the universe
of symbols. Aword overA is defined to be a list of typeA. In effect, the type of words is essentially
the type of polymorphic lists. We will omit the implicit parameterA when we talk about words in
this section.

A languageoverA is a proposition-valued function from words. Similarly to words, we will omit
A when talking about languages. We say that a languagel containsa wordw if l w holds. Any two
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languagesl1 and l2 are said to beequivalent, denotedl1 ≃ l2, if they contain the same words. It is
easy to see that, since word containment is undecidable, language equivalence is also undecidable.

Elementary languages are defined as follows. Theempty language l/0 is the function that is con-
stantly false. Aone-word language l{w} is a function from words to languages mapping a wordw0 to
the equalityw0 = w, for w a constant word. Theunit language l{nil} is the one-word language fornil.
A one-symbol language l{a::nil} is a one-word language fora:A.

Given a languagel and a wordw, the left quotientof l with respect tow, denotedw\l , is defined
inductively as the least language containing every wordu such thatl (w++u) holds. Symmetrically,
given a languagel and a wordu, the right quotient of l with respect tou is the least language
containing every wordw such thatl (w++u) holds.

Lemma 1. w\l{w} ≃ l{nil}.

Proof. By inductive inversion on the premise of each conjunct of thelanguage equivalence.

Operations on languages are defined by induction as follows.The union of two languagesl1
and l2, denotedl1 + l2, is the least language containing every wordw such thatl1 w or l2 w. The
concatenationof two languagesl1 andl2, denotedl1 · l2, is the least language containing all words of
the formw1++w2 such thatl1 w1 andl2 w2. For a languagel and a natural numbern, then-th power
of l , denotedln, is defined recursively as follows:

ln =

{

if n = 0 thenl{nil}

else ifn = S pthenl · l p

TheKleene closureof a languagel , denotedl∗, is defined as the least language containing then-th
power ofl for anyn.

Union, concatenation and Kleene closure are a sufficient setting for the regular expression theo-
rem. For a better expressivity we may also consider the following operators. Theintersectionof two
languagesl1 andl2, denotedl1∩ l2, is the least language containing every wordw such that bothl1 w
andl2 w hold. Thecomplementof a languagel , denoted¬l , is the greatest language containing every
word w such thatl w does not hold.

A regular expression, over a finite list of typeA, denoting a language is a function from lists of
A to languages to types that is defined by induction as follows.For any listX of A, thezero regular
expressionoverX denotesl /0. For anyX, theunit regular expressionoverX denotesl{nil}. For any
X anda:A, if a ∈ X, the one-symbol regular expressionof a denotesl{a::nil}. For anyX and two
languagesl1 and l2, given a regular expression overX denotingl1 and a regular expression overX
denotingl2, theunion regular expressionoverX denotesl1 + l2. For anyX and two languagesl1 and
l2, given a regular expression overX denotingl1 and a regular expression overX denotingl2, the
concatenation regular expressionoverX denotesl1 · l2. For anyX and l , given a regular expression
overX denotingl , theKleene closure regular expressionoverX denotesl∗. Nothing else is a regular
expression.

Note that the type of regular expressions depends on the denoted language and therefore follows
the definition in [13], in contrast with the traditional definition [11, 12] that makes no implicit con-
nection with underlying languages. For comparison, this dependency allows to embed the language
meaning in a regular expression in a type-theoretic style (rather than to introduce a separate matching
semantics later on) and to inspect this meaning using inductive constructors of the type of regular
expressions. A similar dependent implementation is found in [9]. The type of languages is found
across a number of proof assistants, among these is Nuprl [5].
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4 Non-deterministic finite automata

Until the end of this section, assume we are given a typeSymbolof symbols, and a finite listΣ of
elements of typeSymbolthat will represent thealphabet. Assume also a typeStateof states, a finite
list Q of states, aninitial state qI , a finite listF of final states, and atransition relationδ which is a
finite list of triples of typeState×Symbol×State.

A non-deterministic finite automaton(NFA) is an inductively defined proposition with the fol-
lowing premises:qI ∈ Q, F ⊆ Q, δ ⊆ Σ×Q×Σ. Therefore, to say that(Σ,Q,qI ,F,δ ) is an NFA, is
equivalent to saying that the NFA proposition holds for these five.

A path from a state to a state of an NFA is a language of typeSymboldefined inductively as
follows. For allq∈ Q, thereflexivity pathfrom q to q is the smallest language containingnil, that is
l{nil}. For allq1,q2 andw such that there is a path fromq1 to q2 containingw, for all a∈ Σ andq∈ Q
such that(q,a,q1) ∈ δ , the transitivity pathfrom s to q2 is the smallest language containinga::w.
Nothing else is a path. Assuming transitionsδ , we will write q1

w
→ q2 to mean thatw is contained in

the path fromq1 to q2 defined overδ .
Theaccepted language of an NFAis an inductively defined language ofSymbolparametrised by

the premises, for allw andqF , qF ∈ F andqI
w
→ qF .

Finally, the inductive type ofregular languagesis parametrised by a language ofSymbol. In
other words, it is an inductive informative predicate of oneargument (in the present environment)
whose type is a language ofSymbol. It is defined by a single inductive clause that, for alll , if the
NFA proposition holds forΣ,Q,qI ,F andδ , and if l ≃ l0 holds for the languagel0 accepted by the
automaton thenl is a regular language. In a given environment containing an alphabet, a list of
states, an initial state, a list of final states and a list of transitions, saying thatl is a regular language
is equivalent by definition to saying that the informative regular language predicate holds forl .

5 NFA constructions

By analogy with Section 4, assume until the end of this section typesSymbolandStateof symbols
and states, respectively.

Lemma 2. For any finite listΣ of Symbol, and states qI and qF such that qI 6= qF , the regular language
predicate holds forΣ, Q= {qI ,qF}, qI , F = {qF}, δ = /0 and the empty language of Symbol.

Proof. It is required to prove the premises of the informative regular language predicate. The NFA
proposition holds trivially. For any wordw of Symbol, the “if” direction of the language equiva-
lence is proved by contradiction, and the “only if” direction is proved by inductive inversion on the
antecedent of the implication – that is the inductively defined statement thatw is contained in the
language accepted by the automaton, – which derives assumptions q′F :State, H∈ : q′F ∈ {qF} and
H→ : qI

w
→ q′F . The proof is essentially concluded by inductive inversionon the assumptionH→.

Lemma 3. For any finite listΣ of Symbol, and a state qI , the regular language predicate holds forΣ,
Q = {qI}, qI , F = {qI}, δ = /0 and the unit language of Symbol.

Proof. The proof is a slight modification of the proof of Lemma 2. The difference is that, for anyw,
the “if” direction of the language equivalence is (more generally) proved by inductive inversion on
the antecedent of the implication, namelyl{nil} w.

There is a great deal of similarity on the structural level between the proof of Lemma 3 and the
more involved proofs below in this section.
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Lemma 4. For any finite listΣ of Symbol, states qI and qF , and a symbol a satisfying qI 6= qF and
a∈ Σ, the regular language predicate holds forΣ, Q= {qI ,qF}, qI , F = {qF}, δ = {(qI ,a,qF )} and
the one-symbol language of a (of type Symbol).

Proof. The proof follows the guidelines of the proof of Lemma 3. Whenproving the “if” direction
of the language equivalence for anyw, it is required to prove thata::nil is a transitivity path overδ .
In the proof of the “only if” direction, for anyw, application of inductive inversion to the antecedent
generates assumptionsq′F :State, H∈ : q′F ∈ {qF} andH→ : qI

w
→ q′F . The proof then proceeds by a

sequential application of inductive inversion toH→ andH∈.

Assume for the rest of this section theempty symbolε of type Symbolsatisfying the following
conditions:

for anyΣ, ε ∈ Σ (1)

for anyw, ε ::w = w (2)

Lemma 5. Assume arbitrary finite listΣ of Symbol, finite lists of states Q1 and Q2, states q1I ,q
2
I and

qI ,, finite lists of states F1 and F2, transition relationsδ1 and δ2, and languages l1 and l2 satisfying
¬(Q1∩Q2), qI /∈ Q1, qI /∈ Q2, and such that l1 is a regular language of(Σ,Q1,q1

I ,F1,δ1) and l2 is a
regular language of(Σ,Q2,q2

I ,F2,δ2). Then l1∪ l2 is a regular language of(Σ,{qI}∪Q1∪Q2,qI ,F1∪
F2,{(qI ,ε ,q1

I ),(qI ,ε ,q2
I )}∪δ1∪δ2).

Proof. Follows the shape of the proof of Lemma 4. The crucial case analysis in the proof of the NFA
proposition is done by inductive inversion on the derived hypothesis

Ht : t ∈
{

{(qI ,ε ,q1
I ),(qI ,ε ,q2

I )}∪δ1∪δ2
}

The “if” direction of the language equivalence is proved by properties of lists and an injectivity
property of paths which is again derived from elementary properties of lists. The “only if” direction
is proved using the fact that paths starting inQ1 (respectivelyQ2) can be restricted to the automaton
(Σ,Q1,q1

I ,F1,δ1) (respectively(Σ,Q2,q2
I ,F2,δ2)).

The proof of Lemma 6 below requires the following decidability assumption:

for anya in Symbol, eithera = ε or a 6= ε is provable (3)

This still does not requireSymbolto be decidable.

Lemma 6. Assume arbitrary finite listΣ of Symbol, finite lists of states Q1 and Q2, states q1I and
q2

I , finite lists of states F1 and F2, transition relationsδ1,δy and δ2, and languages l1 and l2 satis-
fying ¬(Q1∩Q2), and such that, for all(q1,a,q2) ∈ δy, it holds that q1 ∈ F1, a = ε and q2 = q2

I ;
moreover, it holds that l1 is a regular language of(Σ,Q1,q1

I ,F1,δ1) and l2 is a regular language of
(Σ,Q2,q2

I ,F2,δ2). Then l1 · l2 is a regular language of(Σ,Q1∪Q2,qI ,F2,δ1∪δy∪δ2).

Proof. Follows the shape of the proof of Lemma 4.

Lemma 7. Assume arbitrary finite listΣ of Symbol, a finite list of states Q, states qI and q∗I , a finite list
of states F, transition relationsδ andδx, and a language l satisfying q∗I /∈ Q, and such that, for all
(q1,a,q2)∈ δx, it holds that q1 ∈F, a= ε and q2 = q∗I ; moreover, it holds that l is a regular language
of (Σ,Q,qI ,F,δ ). Then l∗ is a regular language of(Σ,{q∗I }∪Q,q∗I ,{q∗I },{(q

∗
I ,ε ,qI )}∪δ ∪δx).

Proof. Follows the shape of the proof of Lemma 4.
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In the following section we will employ a fixpoint functionmkδ that creates transitions from a
given list of states to a given state and labels each of these transitions with a given symbol. This
function is defined as follows:

fix mkδ (Q : list State) (q : State) (a : Symbol) :=

match Q with nil⇒ nil | q0::Q0 ⇒ (q0,a,q) :: mkδ Q0 q a (4)

The list of transitions resulting from application ofmkδ to Q, sanda will be denoted asQ
a
⇉ q.

6 From regular expressions to NFAs

Assume a typeSymboland a finite listΣ of Symbol. Assume the empty symbol ofSymbolsatisfying
(1)–(2).

We introduce a few helper functions to work with sequences ofnatural numbers that occur in the
proof of the theorem.

Thelift function that increments every element of a given sequence of naturalnumbers by a given
natural number is defined as follows:

λ n:nat. map(λ s:nat. s+n) (5)

We will use the notationQ ↑n to denote the sequence that is the result of lifting the sequenceQ by
the numbern.

To account for lists of transitions, we should extend the above definition of the lift function in the
following way. Thelift function on transitionsthat increments both source and destination of each
transition in a given list of transitions by a given number has the following definition:

λ n δ . map
(

λ t. let (q1,a,q2) = t in (q1 +n,a,q2 +n)
)

δ (6)

We will use the notationδ ↑n to denote the list that is the result of lifting the list of transitionsδ by
the numbern.

Theorem 8. For any language l of Symbol and a regular expression r ofΣ denoting l, one can
construct a finite sequence Q of natural numbers, or states, from 0 to|Q|−1, a state qI , a finite list
of states F and a transition relationδ of type nat×Symbol×nat such that l is a regular language of
(Σ,Q,qI ,F,δ ).

Proof. By induction onr. There are three basic cases:
If r is the zero regular expression, takeQ = 0::1::nil, qI = 0, F = {1} and δ = /0, and apply

Lemma 2.
If r is the unit regular expression, takeQ = 0::nil, qI = 0, F = {0} andδ = /0, and apply Lemma

3.
For anya ∈ Σ, if r is the one-symbol regular expression ofa then takeQ = 0::1::nil, qI = 0,

F = {1} andδ = {(0,a,1)}, and apply Lemma 4.
There are three cases to consider on the inductive step:
If r is the union of some regular expressionsr1 andr2 then, by inductive hypothesis,r1 denotes

a regular languagel1 of an NFA (Σ,Q1,q1
I ,F1,δ1) and r2 denotes a regular languagel2 of an NFA

(Σ,Q2,q2
I ,F2,δ2). Then takeQ = 0::Q1 ↑1 ++Q2 ↑|Q1|+1, qI = 0, F = F1 ↑1 ∪F2 ↑

|Q1|+1 andδ =
{(0,ε ,q1

I +1),(0,ε ,q2
I + |Q1|+1)}∪δ1 ↑

1 ∪δ2 ↑
|Q1|+1, and apply Lemma 5.

If r is the concatenation of some regular expressionsr1 andr2 then, by inductive hypothesis,r1

denotes a regular languagel1 of an NFA (Σ,Q1,q1
I ,F1,δ1) and r2 denotes a regular languagel2 of
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an NFA(Σ,Q2,q2
I ,F2,δ2). Then takeQ = Q1++Q2 ↑

|Q1|, qI = q1
I , F = F2 ↑

|Q1| andδ = δ1∪ (F1

ε
⇉

(q2
I + |Q1|))∪δ2 ↑

|Q1|, and apply Lemma 6.
If r is the Kleene closure of some regular expressionr0 then, by inductive hypothesis,r0 denotes

a regular languagel0 of an NFA (Σ,Q0,q0
I ,F0,δ0). Then takeQ = 0::Q0 ↑

1, qI = 0, F = {0} and

{(0,ε ,qI +1)}∪δ0 ↑
1 ∪(F0 ↑

1
ε
⇉ 0), and apply Lemma 7.

7 Extraction of a functional program

The type of the main theorem in Coq is the following:

regexp_nf_automaton :

forall (Symbol:Type)

(symbols:list Symbol)

(empty_symbol:Symbol),

(forall symbols0:list Symbol,

In empty_symbol symbols0) ->

(forall w:list Symbol,

empty_symbol::w = w) ->

(forall a b:Symbol, {a = b} + {a <> b}) ->

forall l:language Symbol,

regexp symbols l ->

{states : list State &

states = seq 0 (length states) &

{init_state : State &

{acc_states : list State &

{transition : list (State * Symbol * State) &

nf_regular_language symbols states init_state

acc_states transition l}}}}

To extract it to Caml, we use the standard Coq commandExtraction. The type of the ex-
tracted Caml program is more succinct because the extraction mechanism discarded non-informative
parameters:

regexp_nf_automaton :

’a list -> ’a -> (’a -> ’a -> bool) -> ’a regexp ->

(nat list, Obj.t,

nat * (nat list *

(((nat * ’a) * nat) list *

(’a, nat) nf_regular_language))) sigT2

Thus there are only four parameters left now: the list of symbols, the empty symbol, the decider
function for the type of symbols, and a regular expression parametrised by the type of symbols. The
result is the automaton constructed in the proof of Theorem 8.

Example 3. Take the regular expressionKl(e*)ne. We will apply the extracted function in Caml
toplevel to obtain an automaton accepting the language denoted by this regular expression. The
decider function for the typechar is defined as follows:

# type char_dec = char -> char -> bool;;

# let char_dec =
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fun c1 c2 ->

if c1 = c2 then true else false;;

We define the set of symbols and encode the regular expression, and then apply the main function to
these arguments taking_ as the empty character.

# let symbols = [’K’; ’l’; ’e’; ’n’];;

# let r = Regexp_cat (symbols,

(Regexp_cat (symbols,

(Regexp_cat (symbols, (Regexp_sym (symbols, ’K’)),

(Regexp_sym (symbols, ’l’)))),

(Regexp_closure (symbols,

(Regexp_sym (symbols, ’e’)))))),

(Regexp_cat (symbols, (Regexp_sym (symbols, ’n’)),

(Regexp_sym (symbols, ’e’)))));;

# regexp_nf_automaton symbols ’_’ char_dec r;;

The resulting automaton has states 0 through 10, with 0 beingthe initial state and 10 being the only
final state. The list of transitions is the following:

[(0, ’K’, 1); (1, ’_’, 2); (2, ’l’, 3); (3, ’_’, 4);

(4, ’_’, 5); (5, ’e’, 6); (6, ’_’, 4); (4, ’_’, 7);

(7, ’n’, 8); (8, ’_’, 9); (9, ’e’, 10)]

An example of a string that is accepted by this automaton isK_l__e__e__n_ewhich, by the property
(2), is equivalent toKleene.

The obvious downside of the present method is that in the example above more than a half of
transitions are the idle ones. The method uses the empty symbol as a proof convenience which is
however responsible for production of computationally cumbersome automata.

8 Further directions

We are developing an alternative library that does not make use of the sometimes problematic empty
symbol and the associated axioms. We found it possible to adapt the proofs presented in this paper
to the kind of automata constructions known as Glushkov automata [10] (also discussed in [13]).
Glushkov automata merge transitions instead of introducing new intermediate states connected by
idle transitions. However, our proofs with the empty symbolseem to be a little bit less involved
when arithmetic is concerned. So, in this respect they mightbe regarded as a step towards the proofs
without the empty symbol.

Another direction of development is marked by the seminal paper [1] that introduced a concept
of a partial derivative of a regular expression (see also [4]). This is the most interesting direction of
research if dependent type theory is concerned. In this paper we use the dependent type of regular
expressions. If we use structures such as left quotient languages from Section 3, as we do all the time
with partial derivatives, we arrive at a considerably higher level of type dependency. In Section 3,
we already mentioned that there are basically two definitions of regular expressions: the dependent
and the non-dependent ones. The paper [1] uses the non-dependent definition because structural
induction and termination was not a concern there. From the type theoretic point of view the lack of
a dependently typed definition means there is more research to be done about the languages denoted
by partial derivatives.
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We also work on extensions of our library encompassing practical regular expressions [2, 3],
that is regular expressions with additional operators suchas backreferences that are standartised in
operating system command shells and programming languages.
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A The extracted auxiliary function definitions

type __ = Obj.t

let __ = let rec f _ = Obj.repr f in Obj.repr f

type nat = O | S of nat

type (’a, ’p, ’q) sigT2 = ExistT2 of ’a * ’p * ’q

let rec plus n m =

match n with
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| O -> m

| S p -> S (plus p m)

let rec length = function

| [] -> O

| a :: m -> S (length m)

let rec app l m =

match l with

| [] -> m

| a :: l1 -> a :: (app l1 m)

let rec map f = function

| [] -> []

| a :: t -> (f a) :: (map f t)

let lift n l = map (fun s -> plus s n) l

type ’a regexp =

| Regexp_empty of ’a list

| Regexp_unit of ’a list

| Regexp_sym of ’a list * ’a

| Regexp_union of ’a list * ’a regexp * ’a regexp

| Regexp_cat of ’a list * ’a regexp * ’a regexp

| Regexp_closure of ’a list * ’a regexp

type (’symbol, ’state) nf_regular_language = Nf_regular_language

let regexp_nf_automaton_union empty_symbol symbols states1 states2 init1 init2

init_union acc1 acc2 tr1 tr2 hl1 hl2 =

let Nf_regular_language = hl1 in

let Nf_regular_language = hl2 in Nf_regular_language

let regexp_nf_automaton_cat empty_symbol empty_symbol_dec symbols states1

states2 init1 init2 acc1 acc2 tr1 tr_junction tr2 hl1 hl2 =

let Nf_regular_language = hl1 in

let Nf_regular_language = hl2 in Nf_regular_language

type state = nat

let lift_transitions n transitions =

map (fun t ->

let y , s2 = t in let s1 , a = y in ((plus s1 n) , a) , (plus s2 n))

transitions

let rec lift_automaton n symbols0 states init acc tr hl =

match n with

| O -> hl

| S n0 -> let Nf_regular_language = hl in Nf_regular_language
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let rec mk_transitions from_states to_state sym =

match from_states with

| [] -> []

| s :: ss -> ((s , sym) , to_state) :: (mk_transitions ss to_state sym)

B The extracted main function

let rec regexp_nf_automaton symbols empty_symbol symbol_dec = function

| Regexp_empty x -> ExistT2 ((O :: ((S O) :: [])), __, (O , (((S O) :: [])

, ([] , Nf_regular_language))))

| Regexp_unit x -> ExistT2 ((O :: []), __, (O , ((O :: []) , ([] ,

Nf_regular_language))))

| Regexp_sym (x, a) -> ExistT2 ((O :: ((S O) :: [])), __, (O , (((S O) ::

[]) , ((((O , a) , (S O)) :: []) , Nf_regular_language))))

| Regexp_union (x, r0, r1) ->

let ExistT2 (states1, _, s) =

regexp_nf_automaton x empty_symbol symbol_dec r0

in let init1 , s0 = s in let acc1 , s1 = s0 in let tr1 , hl1 = s1 in

let ExistT2 (states2, _, s2) =

regexp_nf_automaton x empty_symbol symbol_dec r1

in let init2 , s3 = s2 in let acc2 , s4 = s3 in let tr2 , hl2 = s4 in

ExistT2 ((O ::

(app (lift (S O) states1) (lift (plus (length states1) (S O)) states2))),

__, (O ,

((app (lift (S O) acc1) (lift (plus (length states1) (S O)) acc2)) ,

((((O , empty_symbol) , (plus init1 (S O))) :: (((O , empty_symbol) ,

(plus init2 (plus (length states1) (S O)))) ::

(app (lift_transitions (S O) tr1)

(lift_transitions (plus (length states1) (S O)) tr2)))) ,

(regexp_nf_automaton_union empty_symbol x (lift (S O) states1)

(lift (plus (length states1) (S O)) states2)

(plus init1 (S O)) (plus init2 (plus (length states1) (S O))) O

(lift (S O) acc1) (lift (plus (length states1) (S O)) acc2)

(lift_transitions (S O) tr1)

(lift_transitions (plus (length states1) (S O)) tr2)

(lift_automaton (S O) x states1 init1 acc1 tr1 hl1)

(lift_automaton (plus (length states1) (S O)) x states2 init2 acc2

tr2 hl2))))))

| Regexp_cat (x, r0, r1) ->

let ExistT2 (states1, _, s) =

regexp_nf_automaton x empty_symbol symbol_dec r0

in let init1 , s0 = s in let acc1 , s1 = s0 in let tr1 , hl1 = s1 in

let ExistT2 (states2, _, s2) =

regexp_nf_automaton x empty_symbol symbol_dec r1

in let init2 , s3 = s2 in let acc2 , s4 = s3 in let tr2 , hl2 = s4 in

ExistT2 ((app states1 (lift (length states1) states2)), __, (init1 ,

((lift (length states1) acc2) ,

((app tr1
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(app

(mk_transitions acc1 (plus init2 (length states1)) empty_symbol)

(lift_transitions (length states1) tr2))) ,

(regexp_nf_automaton_cat empty_symbol (fun x0 -> symbol_dec x0 empty_symbol)

x states1 (lift (length states1) states2) init1

(plus init2 (length states1)) acc1 (lift (length states1) acc2) tr1

(mk_transitions acc1 (plus init2 (length states1)) empty_symbol)

(lift_transitions (length states1) tr2) hl1

(lift_automaton (length states1) x states2 init2 acc2 tr2 hl2))))))

| Regexp_closure (x, r0) ->

let ExistT2 (states, _, s) =

regexp_nf_automaton x empty_symbol symbol_dec r0

in let init , s0 = s in let acc , s1 = s0 in let tr , hl = s1 in

ExistT2 ((O :: (lift (S O) states)), __, (O , ((O :: []) , ((((O ,

empty_symbol) , (plus init (S O))) ::

(app (lift_transitions (S O) tr)

(mk_transitions (lift (S O) acc) O empty_symbol))) ,

(let Nf_regular_language = lift_automaton (S O) x states init acc tr hl

in

Nf_regular_language)))))
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